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theories of integration the integrals of riemann lebesgue henstock kurzweil and
mcshane second edition series in real analysis form a fascinating and foundational
area of mathematical analysis. These theories not only provide different approaches to
defining and understanding the integral but also reveal the richness and depth of real
analysis as a whole. Whether you are a student beginning your journey into integration or a
seasoned mathematician exploring advanced concepts, the evolution from the classical
Riemann integral to more sophisticated integrals like Lebesgue, Henstock-Kurzweil, and
McShane offers valuable insights into how mathematicians handle functions, limits, and
measurement.

In this article, we’ll explore these integral theories by diving deep into their definitions,
differences, and the motivations behind their development. Along the way, we’ll touch on
key concepts such as measure theory, gauge integration, and the role of partitions, all
while keeping the conversation accessible and engaging.

The Classical Starting Point: The Riemann
Integral

When many of us first encounter integration, it’s through the Riemann integral. Introduced
by Bernhard Riemann in the 19th century, this integral is based on partitioning an interval
into subintervals, calculating sums of function values times subinterval lengths (Riemann
sums), and taking limits as the partitions become finer.

How the Riemann Integral Works

In essence, the Riemann integral approximates the "area under the curve" by slicing the x-
axis into small pieces and summing up rectangles formed by the function values. If these
sums approach a fixed number as the partitions refine, the function is said to be Riemann
integrable.

While intuitive and powerful for many functions, the Riemann integral struggles with more
complicated functions—especially those with many discontinuities or irregular behavior.



Limitations and Motivations for New Integrals

The Riemann integral can’t handle all functions that we might want to integrate. For
example, functions that are discontinuous on dense sets or that oscillate wildly often are
not Riemann integrable. These limitations drove mathematicians to seek more general
integration theories that could work with a broader class of functions.

Lebesgue Integral: A Measure-Theoretic
Revolution

Henri Lebesgue revolutionized integration in the early 20th century by introducing an
integral based on measure theory rather than simple partitions of intervals. The Lebesgue
integral is one of the cornerstones of modern analysis and probability theory.

What Makes the Lebesgue Integral Different?

Unlike the Riemann integral, which partitions the domain (x-axis), the Lebesgue integral
partitions the range (y-axis) of the function. It measures the size (via Lebesgue measure) of
the sets of points that map into small intervals of the function’s values.

This method makes it possible to integrate functions with far more complicated behavior,
including many that are not Riemann integrable. The Lebesgue integral also works well with
limits of functions, making it fundamental in the study of convergence theorems.

Key Concepts: Measure Theory and Measurable
Functions

To appreciate the Lebesgue integral, one must understand measurable sets and
measurable functions. Measure theory assigns a "size" to sets in a way that generalizes
length, area, and volume. This framework allows the integral to be defined over sets that
are far more general than intervals.

Henstock-Kurzweil Integral: Bridging the Gap

The Henstock-Kurzweil integral, sometimes called the gauge integral, offers an intriguing
middle ground between the Riemann and Lebesgue integrals. It extends the Riemann
integral by allowing more flexible partitioning of the domain.



What is the Henstock-Kurzweil Integral?

Instead of using uniform partitions based only on interval lengths, the Henstock-Kurzweil
integral uses a "gauge" function that controls the size of each subinterval. This allows for
very fine partitions where the function behaves badly and coarser partitions where it
behaves nicely.

Because of this adaptivity, the Henstock-Kurzweil integral can integrate more functions
than the Riemann integral — including some that are not Lebesgue integrable — while
maintaining a relatively straightforward definition.

Applications and Importance

The Henstock-Kurzweil integral is especially valued in real analysis because it provides a
constructive approach to integration that is closer in spirit to the Riemann integral but with
enhanced capabilities. It plays a role in differential equations and other fields where
classical integrals fall short.

McShane Integral: A Generalization of Henstock-
Kurzweil

The McShane integral, developed by E.J. McShane, further generalizes the Henstock-
Kurzweil integral. It uses the concept of tagged partitions and gauges but with subtle
differences that make it even more flexible.

How the McShane Integral Builds on Prior Concepts

Like Henstock-Kurzweil, the McShane integral uses gauges to control partitions, but it also
blends techniques from measure theory, enabling it to integrate a broad class of functions
in a way that aligns well with modern analysis.

The McShane integral is particularly interesting because it coincides with the Lebesgue
integral on measurable functions and extends to some non-measurable functions, providing
another useful tool in the analyst’s toolkit.

Why Consider the McShane Integral?

For mathematicians working on the edge of measure theory and integration, the McShane
integral offers a way to unify classical and modern approaches. Its adaptability makes it
useful in theoretical research and advanced studies in real analysis.



Comparing These Theories of Integration

Understanding the differences and connections between these integrals is crucial for
anyone delving into real analysis. Here’s a quick overview:

e Riemann Integral: Simple, based on intervals; struggles with complicated functions.

e Lebesgue Integral: Based on measure theory; handles a vast class of functions and
is foundational in modern analysis.

* Henstock-Kurzweil Integral: Uses gauge functions for flexible partitions; integrates
more functions than Riemann and some beyond Lebesgue.

* McShane Integral: A generalization that aligns with Lebesgue integral and extends
further; useful in advanced theoretical contexts.

Each integral builds upon the previous, addressing shortcomings and expanding the scope
of what can be integrated.

Why the Second Edition Series in Real Analysis
Matters

Theories of integration are complex and evolving subjects, and comprehensive texts in the
second edition series present these topics with clarity, updated examples, and refined
proofs. Such editions incorporate the latest research and pedagogical improvements,
helping students and researchers grasp subtleties in real analysis.

These series often carefully compare different integrals, providing exercises and notes that
deepen understanding of how integration theories interrelate. For anyone studying real

analysis or looking to master the nuances of integration, the second edition series is an
invaluable resource.

Tips for Mastering Theories of Integration

Delving into these integrals can be challenging, but with the right approach, the journey
becomes manageable:

1. Start with Riemann: Build a solid foundation by thoroughly understanding the
classical integral.

2. Learn Measure Theory: Grasping measurable sets and functions is key to



understanding Lebesgue integration.

3. Explore Gauge Integrals: Study Henstock-Kurzweil and McShane integrals to see
how flexibility in partitioning changes integration.

4. Work Through Examples: Practice integrating various functions under different
theories to understand their differences.

5. Use Quality Texts: Reference the second edition series in real analysis for clear
explanations and updated insights.

By following these steps, you can develop a nuanced understanding of integration that goes
beyond rote computation.

The Broader Impact on Mathematics and
Applications

The development of these integration theories has far-reaching implications. They underpin
modern probability theory, functional analysis, and partial differential equations. Moreover,
they influence applied fields like physics, economics, and engineering, where precise
integration of complex functions is crucial.

For instance, Lebesgue integration allows for the rigorous development of stochastic
processes, while Henstock-Kurzweil integration sometimes simplifies solving differential
equations by accommodating functions that defy classical integrals.

Exploring these integrals reveals the beauty of mathematical evolution—how new ideas
arise to solve problems left open by earlier theories, pushing the boundaries of what we can
analyze and understand.

The journey through theories of integration the integrals of Riemann, Lebesgue, Henstock-
Kurzweil, and McShane reflects the dynamic nature of real analysis. Each integral offers a
unique perspective, broadening the scope of integration and deepening our grasp of
mathematical functions. Whether you're exploring these integrals for theoretical reasons or
practical applications, appreciating their connections and distinctions enriches your
mathematical insight.

Frequently Asked Questions

What are the main differences between the Riemann



and Lebesgue integrals as discussed in the book
'Theories of Integration'?

The Riemann integral is based on summing function values over partitions of the domain,
primarily focusing on intervals, whereas the Lebesgue integral focuses on measuring the
size of the set of points where the function takes certain values, allowing integration of a
broader class of functions. The book highlights how Lebesgue integration extends Riemann
integration by handling functions with more complex sets of discontinuities.

How does the Henstock-Kurzweil integral generalize the
Riemann integral according to the second edition of the
series?

The Henstock-Kurzweil integral generalizes the Riemann integral by using a more flexible
concept of partitions called gauge partitions, which adapt to the function's behavior locally.
This allows the Henstock-Kurzweil integral to integrate a wider range of functions, including
some that are not Lebesgue integrable, while retaining many intuitive properties of the
Riemann integral.

What role does the McShane integral play within the
framework of integration theories presented in the
book?

The McShane integral is introduced as an extension of the Henstock-Kurzweil integral that
coincides with the Lebesgue integral for Lebesgue measurable functions but uses a
different approach to partitions. The book discusses how the McShane integral provides a
unifying perspective bridging the gap between Riemann-type and measure-theoretic
integrals.

Why is the study of multiple integration important in
the context of these integral theories?

Multiple integration extends the concepts of single-variable integration to functions of
several variables, which is essential in advanced analysis and applications. The book
examines how Riemann, Lebesgue, Henstock-Kurzweil, and McShane integrals adapt to
multiple dimensions, highlighting differences in their definitions, convergence properties,
and applicability.

How does the second edition of ‘'Theories of Integration’
improve on the presentation of convergence theorems?

The second edition provides clearer and more comprehensive proofs of convergence
theorems such as the Dominated Convergence Theorem and Monotone Convergence
Theorem within the Lebesgue integral framework, and analogous results for the Henstock-
Kurzweil and McShane integrals. It emphasizes their significance in analysis and includes
examples to illustrate their use.



In what ways does the book address the practical
applications of these integral theories?

The book discusses applications of the various integration theories in real analysis,
probability, and differential equations. It demonstrates how choosing the appropriate
integral concept can simplify problem-solving, especially in cases involving irregular
functions or complex domains, thereby showing the relevance of these theories beyond
pure mathematics.

Additional Resources

Theories of Integration: The Integrals of Riemann, Lebesgue, Henstock-Kurzweil, and
McShane - Second Edition Series in Real Analysis

theories of integration the integrals of riemann lebesgue henstock kurzweil and
mcshane second edition series in real analysis have long formed the backbone of
modern mathematical analysis. This comprehensive framework provides not only the
foundational tools necessary for calculus but also a deeper understanding of measure
theory, functional analysis, and probability theory. The second edition series in real analysis
delves into these classical and contemporary theories with renewed rigor and clarity,
highlighting the evolution and interrelations of integral concepts pioneered by Riemann,
Lebesgue, Henstock, Kurzweil, and McShane.

Understanding these integrals is essential for anyone seeking mastery in real analysis, as
each integral theory extends or refines its predecessor, addressing limitations and
broadening applicability. This article investigates the core principles, comparative
advantages, and theoretical nuances of these integral definitions, reflecting the insights
presented in the second edition series.

The Evolution of Integration Theories in Real
Analysis

Integration, at its core, is about measuring the accumulation of quantities, typically areas
under curves or sums over continuous domains. The journey begins with Riemann's
integral, introduced in the 19th century, which set the stage for subsequent developments.

Riemann Integral: The Classical Approach

The Riemann integral, formulated by Bernhard Riemann, partitions the domain of a function
into subintervals and approximates the area under the curve by summing rectangular
areas. This approach works well for continuous functions and some bounded functions but
encounters difficulties with highly irregular functions or those with complicated sets of
discontinuities.



Key features of the Riemann integral include:

e Simplicity of definition based on partitions and sums.
e Applicability to bounded functions on closed intervals.

e Limitations in handling functions with dense discontinuities.

Despite its intuitive appeal, the Riemann integral’s inability to integrate many important
functions led to the development of more general theories.

Lebesgue Integral: A Measure-Theoretic Revolution

Henri Lebesgue revolutionized integration by shifting focus from partitioning the domain to
measuring the range of function values. The Lebesgue integral leverages measure theory to
integrate functions that are difficult or impossible to handle with Riemann integration.

Distinctive aspects of the Lebesgue integral include:

¢ Integration based on measuring the size of level sets of functions.

e Capability to integrate a broader class of functions, including those with numerous
discontinuities.

e Strong convergence theorems such as the Monotone Convergence Theorem and
Dominated Convergence Theorem.

The Lebesgue integral is foundational in modern analysis, probability, and partial
differential equations due to its robustness and flexibility.

Advanced Integral Theories: Henstock-Kurzweil
and McShane Integrals

Beyond Lebesgue, more refined integrals like the Henstock-Kurzweil and McShane integrals
have emerged, offering even greater generality and subtlety.

Henstock-Kurzweil Integral: Bridging Riemann and



Lebesgue

Also known as the gauge integral, the Henstock-Kurzweil integral generalizes the Riemann
integral without relying on measure theory. It introduces the concept of a gauge function to
control the size of partitions adaptively.

Advantages of the Henstock-Kurzweil integral:

e Integrates all Lebesgue integrable functions and some non-Lebesgue integrable ones.
e Preserves the intuitive partitioning approach of Riemann but with greater flexibility.

e Handles improper integrals and functions with unbounded variation more effectively.

Its more nuanced partitioning technique allows it to address functions that are problematic
for both Riemann and Lebesgue integrals.

McShane Integral: A Measure-Theoretic Extension

The McShane integral can be viewed as a variant of the Henstock-Kurzweil integral with
additional measure-theoretic properties. It shares the gauge integration concept but aligns
more closely with the Lebesgue integral in terms of measurability and integrability criteria.

Important features of the McShane integral include:

e Equivalence to the Lebesgue integral for measurable functions.

e Capacity to integrate a wide class of functions while maintaining compatibility with
measure theory.

e Usefulness in vector-valued integration and functional analysis.

The McShane integral thus serves as a bridge between the flexibility of gauge integrals and
the formal structure of measure theory.

Comparative Insights: Strengths and Applications

The second edition series in real analysis offers a detailed comparative study of these
integral theories, emphasizing their practical implications and theoretical elegance.



e Scope of Integrable Functions: While the Riemann integral is limited to relatively
smooth functions, the Lebesgue integral expands this scope significantly. Henstock-
Kurzweil and McShane integrals extend it further, accommodating even functions that
are not Lebesgue integrable.

 Mathematical Foundations: The Riemann integral relies on elementary partitioning,
Lebesgue hinges on measure theory, and Henstock-Kurzweil introduces gauge
functions, blending partitioning flexibility with advanced control.

» Convergence Properties: Lebesgue theory provides robust tools for limit
operations, critical for analysis and probability. Henstock-Kurzweil offers convergence
advantages in improper integrals, while McShane maintains measure-theoretic
consistency.

¢ Practical Applications: Lebesgue integration remains dominant in probability and
PDEs; Henstock-Kurzweil finds niche applications in real analysis and differential
equations; McShane is valuable in vector integration contexts.

These theories complement each other, each contributing unique perspectives that enrich
the overall framework of real analysis.

Pedagogical and Research Implications

For students and researchers, the theories of integration outlined in the second edition
series provide critical insights into the nature of integration beyond classical calculus. This
comprehensive treatment fosters a deeper understanding of function behavior,
convergence, and integration techniques essential for advanced mathematical analysis.

Moreover, the inclusion of Henstock-Kurzweil and McShane integrals highlights

contemporary trends in mathematical research, emphasizing the ongoing refinement and
expansion of integral theory.

Series Contributions to Real Analysis Education

The second edition series in real analysis serves as both a reference and a teaching tool,
meticulously presenting the theories of integration with clarity and rigor. By juxtaposing
these integral concepts, the series encourages analytical thinking and appreciation for the
subtleties underlying integration.

Its structured approach includes:

1. Rigorous definitions and theorems for each integral type.

2. Detailed proofs and problem sets that reinforce comprehension.



3. Historical context illuminating the development of integration theories.

4. Applications that demonstrate practical relevance in various mathematical domains.

This comprehensive resource supports learners in bridging foundational knowledge with
advanced analytical techniques.

Exploring the theories of integration, from the classical Riemann integral to the
sophisticated Henstock-Kurzweil and McShane integrals, reveals a dynamic landscape of
mathematical thought. The second edition series in real analysis stands as a testament to
the depth and vitality of this field, providing essential knowledge for both theoretical
exploration and practical application.
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